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/ Toronto 399, Ontario
January 4, 1970

Te whom it may concer

R
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I send this o you mainly because you seem the
highly approp;iate vlace to send it, and in the hdpe that
it may fall perhaps (or be directed) into some actively_
interested hands., I should very much like %o be‘in on

any future development.

Lorne Temes
IITyr. Mathematics & Phy51cs, div, I.

University of Toronto
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Golden Tones?

e) APOLOGY AND INTZODUCTION
Not much of what I am about %o present has any

reat semblance of dep t could have been proposed by
jusv-about any interested doodler, end in fact was discov-
ered by me in just that way when I waé iﬁ grade'eleven.
My preoccupation then was with the unusual arithmetical
and mystical (or mythical) artistic properties of the
"golden ratio", and what seems nov to be the méjor Jjus-
tification for what followes (the idea of "meximal dis-
sonance') did not follow for some time to come. Even so0,
this letter is Still long deiayed. I write it now (obtuse
though it may yet be) to express hy eagerness to discuss
more fully any of the ideas presenfed with anyone interested

enough to want to bother.

b) THE INTERVAL

It is easy %o observe that two tones are consonant

-exactly to the degree that their harmonics overlap, For

example, the unison is the most consonant interval because
all the harmonics of Dboth tones coincide; in the octave

only the odd harmonics of the lower tone are unpaired; in

a perfect fifth the even harmonics of the second vone nmatch
every third one of the first; and so on, the intervals
becoming less and less consonant. Thexre are; in fact, though,

intervals which sound relatively consonaent dut for w nich none

of the harmonics involved precisely coincide. These are




ne’onesffbr which the overtones come cloge to matching, and
this is‘breciseiy what happens, for example, in even temper-
ing. TFor {this reason, the question of whether there is a
l"most"'dn'.ssonarﬁ: interval is a rather subtle one. Vhat we
desire is not only a ratio vhich results in few or no coincideﬂt
hermonics, but much more, the harmonics should "overlap" as
little as possible, and least for lower ones.

Very auspiciously, there is a unigue ratio for which
the worst possible things happen; It was well known to the |

ancient Greeis, though not at all by this characterization;
i
it was intensively studied by Fra Lucia Pacioli ab¥out'the -

enid . of the 151 century, still pfobably unaware bf this
P
property; it is called the/;o*den ratio, RAX&T"I%QXEKGJGK~
fkwryy, divine proportiOQ; or extreme-and-mean rat %o it
/
appears in many gsometrlcal arithmetical and per; aps even

‘some matheratlcal contexts; it was used exuen51ve¢y by Greek
and medieval artists and architects because of ius fabied

/ - A
(with a fair dash of Pythagoraean mysticism) property of

-

/ . .

being the most artistically nleasing proportion of all.
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(for example for the sides of a rectangl }
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It also appears in natural contexts in plants, for example

" in the whorls of a sunflower;'for example in the arrangement

¥ " of the leaves of many plants abdut their stem, the angle

P between two successive leaves being almost exacily this

| ’ frection of a whole circle, precisely, according to one
theory, 'because' this is exactly the wniform arrangement

required so that the leaves overlap one another the least

and shade each other least from the sun.
We dntroduce this number in its two guicses, first
as the golden section or extreme-—and-mean ratio:

"that ratio in which a line'segment is divided such that

the ratio of the smaller part to the larger part is the
same as that of the larger part to the whole",

and second as the number whose continued-fraction expansion
is slowest to converge:

1
1-+1
17
1-+1
1+1
11

eece ¢
TN+ e 7 by L= (VT = 330 :
This number we shall denote by i (V5 -1) = .61803398%,...;
since it is oy preference to express things in terms of

2 = 5(V5 +1) = 1+l = 1.618053939... , a6 well as this

.‘(.

being the convention.




c) A SCALS

| Hopefully, it by now seens quite reasonsble to
Suggest that it would be of considerable interes% to in-
vestigate tonal Sequences whose fundamental beriod is
. ¥he interval 1:%, by ana logy and oop051tlon with the

diatonic and twelve-tone Scales, whose fundamental period

is the most cqnsonaﬁt of proper 1ntervals, the octave (the .

ratio 1:2), Correspondlng to the sequence of tonics sep-
arated by octaves we have the Seéquence 1, % , ig, 13 i4,
whlch has the (perhaps interesting) broperty that each suc—
cessive ternm is the sum of the two breceeding it.

We now seek, tnerefore, to interpose some degrees
of a scale in <+he fundamental interval 1:z, As the Pytha-
goraeans discovered however, it is nighly likely that the
choice is sonewhat arbitrary, St11l, we shall be guided in
our search by the considerations winich led (in she eleventh
grade) 1o the investigation of this whole mess in the first
Dlace, |

Sequences of numbers 1nvolv1ng i are notor*ous
Lor their rich combinatorig] Properties and the strlmlqs
relationshl Jo8S whlch‘unexpectedlj appear among the terms,
ow, suus ang differences ought to have an implicit role
in any Phenomenon involving the way frequencies Combine,
because the Process involved there is Drecisely that of
heterodyning: feed any two frequencies into g nen-~linegr

device (like the €ar, for instance) and cut comeg, along’

4

with the origzinal two, both their Sun and their difference]

This 2lone suggestegd orlglnally (tog ner with the ariistic

mystique of %) that sequences involving ¥ should have some




vproperties of musical interest. . o '
_‘From this point it toolk a few months of marginal

"doodling to achieve anything near satisfactory. The main’

idea was to posit a number satisfying an 'interccsting!

simple relatioﬁship when its f-multiples were introduced

into the sequence of tonics; and to hope that one could

choose a number of these relationships to get a scale

which was nicely distributed, its degrees neither too

plentiful nér too crowded in places (say closer than a
semitone) nor too sparse in others. Because a number is
considered more suitable precisely the more ways it can be
characterized, because the original rationalizations were
somewhat vague and are almost lost in antiquity anyway,

because the reasons are not really very good and provably

quite boring, I choose not to actually display the defining
relationships (There are three, sort of.). Suffice us here

to display the regultant pentatonic sequence:
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1.000 1,169 .- 1.236... 1.309.. 1.382.. 1.618...

1.169... 1.056... 1.059... 1.056... 1,169.. (succescive
' _ intervals)

(ﬁote‘the reappearance of the octave!)'Because of the
symmetry, there are only three different intervals involved
betwecn successive degrees; with an even-tempered semitone
having ratio 1:1.0594 and whole téne ratio :1.122462, two

of thece intervals are just about a semitone and the other
J . .

is less than a mincr third (untempered: 5:6 = 1:1,2),




¢) AFUIRTHOUGHTS
i) The degrees of this scale were chosen for their

properties in combinations with the tonics rather than for

interactions among themselves. This tends to suggest that

the scale will De "tonic-centred". _
ii) There is a geometricsl hint that —%Z—-might play

. - ' <4

a role somewhat akin to that ¢f a deminant. _ '
iii) The claim is that it is precisely the interval

of -Tatio 1:% which is "maximally" dissonant. As well, (or

moreover) thé—harmonics involved here interweave in an

éspecial}y peculiarly uniform manner., This suggests that

the dissonance involved, as part of being maximal, will be

unicuely '“white'.

'  iv) Observe that none of the conjectures made has

ever been tested, nor does anyone know for certain what eifher

the fundamental interval or the proposed scale sounds like.

January 4, 1970 - Lorne Temes, III M&P div. I
/781-1078/
27 Meadowbrook Rd., Apt. 3
TORONTO 399




