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Sticky Note
The Steinhaus Conjecture showed how only 3 sizes of intervals are possible when repeating a generator within a period. Moments of symmetry (MOS) are on the other hand those places where there are only two. 
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result and offer a new proof. In particular, we formulate transformation rules
for the partitioning of a gap.

The theorem is related to the arrangement of elements of wy(a) into as-
cending order of magnitude. Let ({u;(N)a}), 7 = 1,2,...,N, be that or-
dered sequence. That is, {ur(N),ua(N),...,un(N)} ={0,1,...,N - 1} where
{4;(N)a} < {u;+1(N)a}. In Section 2, we determine the recurrence relation
which allows one to determine this ordered sequence. Section 3 obtains val-
ues involved in this expression in terms related to the simple continued fraction
expansion (C.F.) of . From this result we present an interesting geometrical
interpretation of the C.F. of a by investigating (in Section 4) the change in gap
structure induced by the addition of extra points to the circle. Results concern-
ing rational approximations to « are derived from Section 3 and presented in the
appendix.

All results hold as well for rational @, say a = p/q in lowest terms, where it
is always assumed that N < q. (If N = g, the circle is partitioned into g gaps of
length 1/q.) B T

2. The recurrence relation

We call u;(N) = u; the point which lies on the circle of unit circumference,
a clockwise distance of {uja} from the origin. The operators Pre and Suc are
defined such that u; = Pre(u,4) = Suc(uj—1),2 <7< N. We let d;;(N)=d;,
denote the shortest clockwise distance from point 7 to point 7. It is clear that

(1) dij={{jo} - {ie}} ={(j -}, 0<i j<N.

We do not always measure distance in the clockwise direction—if we say that
point 7 is closest to point ; then we mean that no other point is closer to point
7 in the clockwise or anti-clockwise direction.

Consider those points located a distance {ga} from a point 5 where 0 < g< N
(and thus, 0 < 7 < N — ¢). Of these points, j + u is the successor of point 7
since {uza} is the smallest of all possible distances, {ga}. That is, using (1), for
O0<j<N- q,

(2) ogifxv dis4g = Og‘!zLDN do,g = do,u; = ik k+uss 0<k<N-u.
Similarly, for g< 7 < N,

(3) Oglqi?N dj,j-q = OE?EN dgo = duyo= Ak k—un,s uy <k <N.

This allows us to state the following (two gap) case.

/1
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3. The predecessor and successor of the origin

We determine u; and u w in terms of the C.F. of . First, we introduce some
notation from the theory of continued fractions.

We define the C.F. of a by the followmg algorithm: we write tg = « and
define (for n = 0,1,2,...),
1

ta}’

On = [tn]a lny1 = {
In this way we express the C.F. of a by

a=gag+

[o

a; +
ag +

1
= {00,61,02,03, }
It is evident that ¢, is the nth tail of our C.F. such that

(5) tn = {an;an-%-la-'-- }a

and

a ={ap:a1,82,...,8n_1,t,}. :
We say that o is equivalent to 8 if we can find some tail in o which is equal to
some tail in 5.
Note that the algorithm terminates (so that the number of terms in the con-
tinued fraction expansion is finite) if and only if « is rational.
Partial convergents are defined by the (irreducible) fractions

Pni _ Pn-2 +1Dn—;

- ={80;81,82,...,Gpn—1,1}, vo=ad L ove Gy,
dn.i gn-2 +1Gn—-1 {0, b b } T
where " "
qma" =f, P-2=¢-1 =0, -2 =p-1 =1
N.Gn n

We call /g, a total convergent to a.

We note the following results which may be easily proved. (See, for example,
Khintchine [4].)

(6) Pn—1Gni = @n-1Pn; = (—1)7,
(7) llgn.iall = llgn-zal| = djlgn_1al,
® gne = pr = — 2"

tn+1Gn + Gn-1 ’

The following result comes from Diophantine approximation theory and for
the proof we refer the reader to Khintchine [4]. This lemma shows that point
gn-1 is closest to the origin for gny < N < gny, i =1,2,. yan (n>-2).
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THBEOREM 3.3.

TR Gn-1, n 0dd1 X Jn,i—1: n Odda
Ug = uy =
» q"’f_l’ n even,

where Gni1 < N < gni2 1< ap (n 2 2).
Forgn i1 < N<gu (n2>2),
SR { Gn—1, n odd, { In—2, n odd,
Uy = uy =

G2 n even,
ForN<q,u;=7-1,7=1,2,...,N.

4. Gap structure

The following describes the change in gap structure induced by the transition
from a circle of g,_; or g, ; gaps to one of g ; or Gn,i+1 gaps respectively (+ =
1,2,...,8, —1). The analysis provides an interesting geometrical interpretation
of the C.F. of c. i :

Suppose that the circle is partitioned into gaps of only two different lengths
which we describe as large and small. We label a large gap ! and call a small
gap 8. Let

s ks 2 In,
én,i == én,iqsn.i #iE én’:i‘v
q’n,un = q)na

where? = 1.2,...,a,, denote the string of gap typesfor N = gn 1,1 = 1,2.....an

(n > 1) ordered clockwise around the circle so that ¢>;’” denotes the gap type

(either s or [) formed by the points u;(gn ;) and Uj+1(n.). Assume that &g = s.
Define P, ; such that

e [ S, n odd,
Pn','\t} = 1 !
s, T even,
where 1 =1,2,...,a,,
Pn,l(S) = l,
Pn,i(3)=3, i=2,3,...,an.

Assume that P, ; is a homomorphism such that, for instance, Py :(sl) =
P i(8) Py i (1)

THEOREM 4.1.
én,l = Pn,x(q)n—l)’
®niv1 = Priv1(®nyi), i=139,... 00,1
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PROOF. Suppose that N = ug+uy = ¢,_;, where n is odd so that there are
un large gaps of length ||usal| and ug small gaps of length [luncl|. Let a = u,.

Now place point g,—; on the circle. From Theorem 3.3 it enters the large gap
succeeding the origin and becomes the new Suc(0), that is u. From Lemma 3.1
this point is closest to 0 and thus the gap [ is transformed into sl. The next point,
gn-1+1, enters the large gap succeeding point 1, transforming this ! into sl. As
N is increased to g, ; all new points enter in succession the large gaps which
succeed points m where m = 1,2,..., un —1: thus all the small gaps are of length
luzar|| and all the (new) large gaps are of length |jac||—|juse| = lunvall = [lupmel
where M = g,_;. Hence the small gaps present when N = gn—1 are now labelled
as large and ®n,; = Py 1(®n-y).

If an > 1 the next point gn,; = gn—1 + gn—2 becomes the new Pre(0) and,
since gn 1 is still the closest point to the origin, it transforms the large gap [ it
divides into sl. As N is increased to g, o these new points successively divide
the large gaps succeeding points m where m = 1,2, ..., up—1. Thus all the large
gaps present when N = g ; are transformed into sl, where the length of the
small gap is equal to ||ugc||. Thus, each small gap remains undivided and retains
its label 5 and hence @n2 = FPn2(®n,1). Similar statements may be made for
the transition from N =g, ; to N = Gni+1—1(t=2,3,...,an ~1).

The proof for even n is omitted since it follows in a like manner.

Theorem 4.1 leads us to the following observation and geometrical interpre-
tation of the C.F. of a: each large gap present at g,_; points (n > 2) is par-
titioned into a, small gaps of length ||gn_1af and 2 new large gap of length
llgn—1e| + llgn || as we go to g, — 1 points. If we pretend that each of the large
gaps present when N = g,_; + gn_» are circles of unit circumference, then as NV
s increased they appear as if they are being divided by an angle of 1/t, for odd
nand 1 —1/t, for even n.

Each point divides some gap forming two new gaps—we interpret this event
as the death of an old gap and the simultaneous birth of two new gaps and thus
define the age of the gap with endpoints U;, U+ to be

a;(N) =N =1 — max(u;, uj+;).

~ PROPOSITION 4.2. Suppose we have placed N — 1 points and are to place
- point N —1. Then, point N — 1 divides that gap which is the oldest of the largest
- gaps. The age of this gap is always min(uz(N),un(N)) — 1. (Note that uy and
un relate to points adjacent to the origin after the point N — 1 has been placed.)

PROOF. From Theorem 2.2, each additional point N — 1 divides a large gap,
since Suc(N —1) — Pre(N — 1) = up — uy. It now remains to show that this gap
- Is the oldest. From Theorem 2.2, each point N — 1 divides the gap which is of

R ertmerrri v i B MR
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Surédnyi [12] enclosed « in an interval whose endpoints are consecutive mem-
bers of a Farey sequence of certain order. That is, he supposed that A/a <
@ < B/b where aB —bA =1 and A/a,B/b € Fy. Fy is the Farey sequence of
order N (the ordered sequence of irreducible fractions in the unit interval with
denominators not greater than N) where max(a,b) < N < a+b—1. He then
deduced that a = u; and b = up and that Un(a) = Uy(A/c). This result was
then used to verify Theorem 2.2.

The proof offered by Halton [2] involves a description of the dynamics of the
gap division with reference to quantities derived from the C.F. of a. Halton,
however, did not concern himself with ordering the points.

Salter [8] approached the problem by first deducing Theorem 2.2. From this
relation it is readily shown that up|lusal] +uslluyall = 1. To find uo and uy
this equation was solved subject to the constraint A/us < @ < B/uy where A
and B are the nearest integers to u,a and u ~a respectively. Thus Slater was
able to express u; and uy in terms of the C.F. of a. Slate; also considered the
problem of determining the relationship between the successive integer values of
J for which {ja} < ® where 0 < ® < 1. He showed that the ‘gaps’ between the
successive 7 may take on at most three different values, one being the sum of the
other two. This problem was originally discussed in [7].

6. Note

It has been pointed out by a referee that Chung and Graham [1] have gener-
alised the Three Gap Theorem. R. L. Graham [5] first conjectured that the d
sets of points {n;a+£;},0<n; < N;,1<i<d (81 = 0) partition the circle of
unit circumference into gaps of at most 34 different lengths. The proof offered
by Chung and Graham is somewhat involved—after its publication a simpler
(2-page) proof was produced by Liang [8].

7. Appendix. Rational approximations to o

In this appendix we interpret Lemmas 3.1 and 3.2 in terms of Diophantine
approximation theory. As defined in Khintchine (4], a/b is a best approximation
(of the second kind) to a (BA2 to a) if

oZin, llgedl = [lbaf,
where ¢ is integer. (Note that a = [ba + 1/2] and the minimum is unique.)

Lemma 3.1 then expresses the fact that the total convergents to a provide the

unique sequence of BA2's to .

~—
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